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Abstract

The e}ect on heat transfer of a Rankine vortex located near a ~at plate is studied analytically[ The velocity _eld is a
superposition of an inviscid\ uniform ~ow and a secondary perturbation created by the vortex[ Three di}erent vortex
con_gurations are analyzed ] transverse\ longitudinal and normal with respect to the plate[ In general\ an increase in the
local heat transfer coe.cient is observed in the downwash and a decrease in the upwash regions[ The transverse vortex
leads to a larger increase than the longitudinal con_guration[ The normal vortex has a slight decrease in the heat transfer[
Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

a distance of vortex from leading edge ðmŁ
b distance of vortex from plate ðmŁ
L length of plate ðmŁ
Nu local Nusselt number ðmŁ
Pe Peclet number\ Pe � Ud:a
PeL alternative Peclet number\ PeL � UL:a
r dimensionless radial coordinate
r9 dimensionless radius of vortex core
R local heat transfer enhancement ratio
T dimensionless temperature
u\ v\ w dimensionless velocity components
U uniform velocity in x!direction ðm s−0Ł
x\ y\ z dimensionless Cartesian coordinates[

Greek symbols
a thermal di}usivity of ~uid ðm1 s−0Ł
G vortex circulation ðm1 s−0Ł
d scale of thermal boundary layer thickness\ d �
zaL:U ðmŁ
o small parameter\ o � G:1pUL
h dimensionless distance of vortex from plate\ h � b:L
j dimensionless distance of vortex from leading edge\
j � a:L[

� Corresponding author[ Tel[ ] 990 108 520 4864 ^ fax ] 990 108
520 7230 ^ e!mail ] msenÝovid[helios[nd[edu

Subscripts
v vortex!induced velocity
w wall
� ambient condition
9\ 0\ 1 order of perturbation term[

Superscripts
� dimensional quantities
" = # average along constant z line

" = # average over square area around vortex[

0[ Introduction

Hydrodynamic mixing in thermal boundary layers for
the enhancement of convection heat transfer from solid
boundaries is an arti_ce used in many compact heat
exchangers[ In a simpli_ed sense\ mixing may be thought
of as due to the presence of small!scale vortical structures
embedded within the thermal boundary layer[ These vor!
tices alter the heat transfer process by increasing the
exchange of ~uid between regions near and far from the
wall[ Often the vortices occur naturally due to tur!
bulence ^ at other times they are caused by curvature of
the streamlines such as the TaylorÐGo�rtler vortices at
concave surfaces\ by thermal instabilities\ or by ~ow
around obstacles protruding from the wall[ Sometimes
they are introduced expressly for the purpose of enhanc!
ing heat transfer[
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Several researchers have studied the hydrodynamics of
vortex generation as well as their thermal e}ect on heat
transfer at a wall[ Eibeck and Eaton ð0Ł measured the
e}ects of a longitudinal vortex embedded in a turbulent
boundary layer[ They found regions of increased and
decreased heat transfer related to the downwash and
upwash regions of the ~ow\ respectively\ but the net e}ect
was to increase the heat transfer[ Gentry and Jacobi ð1Ł
presented heat transfer results of the interaction of a
delta!wing vortex generator and a laminar boundary
layer in order to obtain a clearer understanding of the
parameters involved in the design of vortex generators
for heat exchanger applications[ The use of other vortex
generators for practical purpose has also been reported
in the literature ] Fiebig et al[ ð2Ł suggested the use of
longitudinal vortex generators attached to _ns in order
to enhance heat transfer in plate!_n and tube heat
exchangers\ Zhu et al[ ð3Ł studied the longitudinal vortex
generator interaction with turbulent channel ~ows\ Tig!
gelbeck et al[ ð4Ł worked with channel ~ows with double
rows of longitudinal vortex generators\ Fiebig et al[ ð5Ł
looked at compact plate heat exchangers with longi!
tudinal vortex generators as _ns\ Fiebig et al[ ð6Ł analyzed
a _nned tube with longitudinal vortex generators\ Kan!
iewski et al[ ð7Ł numerically computed mass transfer
enhancement due to a longitudinal vortex\ and Valencia
et al[ ð8Ł studied the heat transfer enhancement by longi!
tudinal vortices in a _n!tube heat exchanger[

Another type of vortex that occurs frequently in con!
vective ~ows is the horseshoe vortex that is seen\ for
example\ around the tubes of _n!tube heat exchangers[
The vorticity in the hydrodynamic boundary layer that
is formed on the _n is rolled up into a vortex which loops
around the tube and trails o} downstream[ The horseshoe
vortex enhances mixing in thermal boundary layers at
the _n surface\ thus improving the heat transfer charac!
teristics of the heat exchanger[ Baker ð09Ł studied the
hydrodynamics of the horseshoe vortex system in some
detail[ Saboya and Sparrow ð00Ł measured mass transfer
coe.cients for a single!row plate and tube heat exchanger
con_guration using the naphthalene sublimation tech!
nique[ Their measurements revealed the existence of a
region of high mass transfer coe.cient in a U!shaped
band that coincides with the position of the horseshoe
vortex[ Ireland and Jones ð01Ł used thermochromic liquid
crystals to measure heat transfer around the base of a
transverse cylinder between ~at plates\ con_rming the
dominant nature of the horseshoe vortex which enhances
heat transfer to the wall in a localized region around the
cylinder[

The purpose of the present work is to get an under!
standing of the vortex induced heat transfer enhancement
process with emphasis on the e}ect of vortex geometry[
This will help in the design and optimization of vortex
generation devices in heat exchangers[ The study of the
in~uence of vortices on heat transfer has so far been

either experimental or numerical rather than analytical\
the principal obstacle being the complex nature of the
hydrodynamics[ However\ even though it be approxi!
mate\ analysis can lead to considerable insight on the
physical mechanisms responsible for heat transfer
enhancement[ In the present work we will ignore the
details of the vortex formation\ but will assume its exis!
tence and then compute its e}ect on the heat transfer
over a ~at plate[ We will solve the energy equation for a
~ow _eld produced by a uniform inviscid ~ow and a
superposed Rankine vortex\ an approximation which is
strictly valid for a small Prandtl number[ An analytical
solution is made possible by a perturbation technique
in which the nondimensional strength of the secondary
vortex is the small parameter[ The ~ow Peclet number
will also be assumed to be large restricting us to a thin
thermal boundary layer[ The results will enable us to
understand the interaction between the vortex motion
and the thermal boundary layer over the plate\ and the
e}ect that this has on both local and overall changes in
the heat transfer rate[

1[ Velocity _eld

The physical problem to be analyzed is schematically
shown in Figs 0"a#\ "b# and "c#[ A ~at plate of _nite
dimension in the x!direction and in_nite in the z!direction
is submerged in a ~ow[ We assume an inviscid\ uniform
~ow of velocity U parallel to the plate[ The incoming
~uid is at a uniform temperature T��\ and the ~at plate is
maintained at a constant temperature T�w so that a ther!
mal boundary layer grows from the leading edge of the
plate[ A vortex is introduced in the ~ow over the plate in
three di}erent geometrical con_gurations ] a transverse
vortex shown in Fig[ 0"a#\ a longitudinal vortex in Fig[
0"b#\ and a normal vortex in Fig[ 0"c#[

To avoid the singularity of the velocity _eld that would
arise at the center of an inviscid vortex\ we take it to be
of the Rankine type which consists of a potential vortex
surrounding a rigidly rotating core[ The tangential vel!
ocity due to such a vortex is Gr�:1pr�1

9 for r� ³ r�9 and
G:1pr� for r� − r�9\ where r� is the radial distance from
the vortex center and r�9 is the radius of the core[ The
strength of the vortex is G which is de_ned to be positive
in the senses shown in Fig[ 0[ For the _rst two con!
_gurations\ an image vortex of opposite sense located an
equal distance below the plate is also needed for no!
penetration through the plate[

1[0[ Nondimensionalization

In the analysis that follows\ two di}erent characteristic
lengths are used ] the length of the plate L for the x! and
z!coordinates\ and a scale of the thermal boundary layer
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Fig[ 0[ Vortex geometries ] "a# transverse ^ "b# longitudinal ^ and "c# normal[

thickness at the trailing edge of the plate\ d � zaL:U\
for the y!coordinate\ where a is the thermal di}usivity of
the ~uid[ The proportional relationship between the x\ y\
z scales is 0 ]Pe−0 ] 0\ where the Peclet number is
Pe � Ud:a[ An alternative Peclet number could be
de_ned as PeL � UL:a � Pe1[ The velocity _eld is made
dimensionless using U\ U:Pe and U as scales for the u\ v

and w velocity components and the temperature of the
~uid is nondimensionalized using T"x\ y\ z# �
"T�−T�w#:"T��−T�w#[

The location of the vortices with respect to the plate
is prescribed by two nondimensional coordinates[ The
di}erent con_gurations are discussed below along with
the ~ow _eld due to the vortex[ The parameter
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o � G:1pUL represents the strength of the vortex!induced
secondary ~ow relative to the primary uniform velocity[
The nondimensional core radius is r9 � r�9:L[

1[1[ Transverse vortex

The nondimensional coordinates x � j and y � Pe h

_x the position of the center of the vortex\ where j � a:L
and h � b:L[ In nondimensional form the velocity _eld
due to this vortex and its image is

uv � −
o

r1
9

0
Pe

"y−Pe h#¦o Pe $
y¦Pe h

Pe1"x−j#1¦"y¦Pe h#1%
"0#

vv �
o

r1
9

"x−j#−o Pe $
Pe1"x−j#

Pe1"x−j#1¦"y¦Pe h#1% "1#

wv � 9 "2#

for z"x−j#1¦"y:Pe−h#1 ³ r9\ and

uv � o Pe $−
y−Pe h

Pe1"x−j#1¦"y−Pe h#1

¦
y¦Pe h

Pe1"x−j#1¦"y¦Pe h#1% "3#

vv � o Pe $
Pe1"x−j#

Pe1"x−j#1¦"y−Pe h#1

−
Pe1"x−j#

Pe1"x−j#1¦"y¦Pe h#1% "4#

wv � 9 "5#

for z"x−j#1¦"y:Pe−h#1 − r9[

1[2[ Lon`itudinal vortex

The center of this vortex is at y � Pe h and z � 9[ The
resulting velocity _eld has the nondimensional velocity
components

uv � 9 "6#

vv �
o

r1
9

z−o
Pe2 z

Pe1 z1¦"y¦Pe h#1
"7#

wv � −
o

r1
9

0
Pe

"y−Pe h#¦o Pe
y¦Pe h

Pe1 z1¦"y¦Pe h#1
"8#

for zz1¦"y:Pe−h#1 ³ r9\ and

uv � 9 "09#

vv � o $
Pe2 z

Pe1 z1¦"y−Pe h#1
−

Pe2 z

Pe1 z1¦"y¦Pe h#1%
"00#

wv � o Pe $−
y−Pe h

Pe1 z1¦"y−Pe h#1

¦
y¦Pe h

Pe1 z1¦"y¦Pe h#1% "01#

for zz1¦"y:Pe−h#1 − r9[

1[3[ Normal vortex

This vortex has its center at x � j and z � 9[ The
velocity components of this vortex are

uv � −
o

r1
9

z "02#

vv � 9 "03#

wv �
o

r1
9

"x−j# "04#

for z"x−j#1¦z1 ³ r9\ and

uv � −o
z

"x−j#1¦z1
"05#

vv � 9 "06#

wv � o
"x−j#

"x−j#1¦z1
"07#

for z"x−j#1¦z1 − r9[ These velocity components are
independent of Pe[

1[4[ Lar`e Pe approximation

For large Peclet numbers\ the velocity _eld outside the
core represented by equations "3#Ð"4# can be expanded
as

uv � o $
1h

"x−j#1¦h1

−
1hy1 ð2"x−j#1¦h1Ł

ð"x−j#1¦h1Ł2
Pe−1¦O"Pe−3#¦ = = =% "08#

vv � o $
3"x−j#yh

ð"x−j#1¦h1Ł1

−
7"x−j#y2hð"x−j#1−h1Ł

ð"x−j#1¦h1Ł3
Pe−1

¦O"Pe−3#¦ = = =% "19#

for the transverse vortex[ For the longitudinal vortex
equations "00#Ð"01# become

vv � o $
3zyh

"z1¦h1#1

−
7zy2h"z1−h1#

"z1¦h1#3
Pe−1¦O"Pe−3#¦ = = =% "10#
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wv � o $
1h

z1¦h1

−
1hy1"2z1¦h1#

"z1¦h1#2
Pe−1¦O"Pe−3#¦ = = =%[ "11#

The approximation is equivalent to assuming a thin
thermal boundary layer\ so that the physical location of
the vortex core is outside this layer in the transverse and
longitudinal cases[

2[ Temperature _eld

The nondimensional equation governing the tem!
perature distribution in an incompressible\ constant!
properties ~ow without viscous dissipation over a ~at
plate is

Pe−1 11T

1x1
¦

11T

1y1
¦Pe−1 11T

1z1
� u

1T
1x

¦v
1T
1y

¦w
1T
1z

[

"12#

This is an elliptic equation in all three Cartesian coor!
dinates so that two boundary conditions must be supplied
in each direction[ In the longitudinal direction we have
T � 0 at x � 9 ^ we will not specify the condition at x � 0
because it will become irrelevant as soon as we drop
the second derivative in x[ In the normal direction the
nondimensional ~uid temperature is T � 9 at y � 9 and
T � 0 for y : �[ In the transverse direction we will take
1T:1z � 9 as z : 2�[ These conditions enable the tem!
perature _eld for a two!dimensional ~at plate thermal
boundary layer to be recovered in the absence of the
vortex[

For a thermal boundary layer to exist in the unper!
turbed ~ow\ the Peclet number must be large[ Under this
condition the second derivatives in x and z can be drop!
ped from the equation\ and it becomes parabolic in both
these directions[ Not all temperature boundary con!
ditions can now be satis_ed[ In the main ~ow direction\
the only condition that will be satis_ed is T � 0 at x � 9
as long as the ~ow velocity is everywhere positive\ a
condition which holds if o ¾ r9[ In fact\ the plate could
be of in_nite length in the x!direction without changing
the temperature _eld that we will calculate here[ The
matter is slightly di}erent in the z!direction[ For the
transverse vortex\ there is no temperature variation in z
so that 1T:1z � 9 everywhere[ For the other two con!
_gurations\ the perturbation velocity _eld will asymptote
to zero as z : 2�\ so that the two!dimensional thermal
boundary layer is again recovered[ Even though the equa!
tion is _rst!order in z\ both boundary conditions in that
direction can be satis_ed[ In addition to these boundary
conditions\ we assume that in the transverse and longi!
tudinal con_gurations the core of the vortex and that of
its image do not touch\ implying that r9 ³ h[

As a result of these approximations\ we have

11T

1y1
� u

1T
1x

¦v
1T
1y

¦w
1T
1z

[ "13#

The velocities derived from a superposition of the uni!
form and vortex ~ows can be expressed as u � 0¦ou?\
v � ov?\ w � ow?\ where "u?\ v?\ w?# �"uv\ vv\ wv#:o[ Note
that the velocity _eld is two!dimensional for the trans!
verse and normal vortices\ and three!dimensional for the
longitudinal one[ The temperature _eld is also two!
dimensional for the transverse vortex\ but is three!dimen!
sional for the other two geometries[

The linear equation "13# with its corresponding bound!
ary conditions can be solved by the method of per!
turbations if we assume that o is small\ u?\ v? and w? are
of order unity\ and Pe−0 ð o[ The last assumption makes
the Peclet number contribution negligibly small in equa!
tions "08#Ð"11#[ We propose a solution of the form

T"x\ y\ z# � T9"x\ y\ z#¦oT0"x\ y\ z#¦o1T1"x\ y\ z#¦ = = =

"14#

where we will include only three terms of the series ^ this
will be su.cient to include all the qualitative physics in
the problem[ Ti "i � 9\ 0\ 1# are independent of the ~ow
parameters o and Pe[

2[0[ O"o9# solution

Collecting terms of order o9 we have

11T9

1y1
−

1T9

1x
� 9 "15#

subject to T9"9\ y\ z# � 0\ T9"x\ 9\ z# � 9 and
T9"x\ �\ z# � 0[ The solution is

T9"x\ y\ z# �
1

zp g
y:1zx

9

e−t1

dt[ "16#

To this order the temperature _eld represents a growing
thermal boundary layer at the plate\ unperturbed by the
presence of the vortex[

2[1[ O"o# solution

We have

11T0

1y1
−

1T0

1x
� −f0"x\ y\ z# "17#

where

f0"x\ y\ z# � −0u?
1T9

1x
¦v?

1T9

1y 1 "18#

subject to T0"x\ 9\ z# � 9\ T0"x\ � z# � 9 and
T0"9\ y\ z# � 9[ The inhomogeneous term f0"x\ y\ z# is a
heat source for the thermal boundary layer at this order[
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It represents the e}ect of the vortical velocities on the
unperturbed temperature _eld[

Equation "17# can be solved using a Green|s function[
The solution is

T0"x\ y\ z# �
0

1zp g
x

9 g
�

9

"x−x?#−0:1 $exp 0−
"y−y?#1

3"x−x?#1
−exp 0−

"y¦y?#1

3"x−x?#1% f0"x?\ y?\ z# dx? dy?[ "29#

2[2[ O"o1# solution

To this order

11T1

1y1
−

1T1

1x
� −f1"x\ y\ z# "20#

where

f1"x\ y\ z# � −0u?
1T0

1x
¦v?

1T0

1y
¦w?

1T0

1z 1 "21#

subject to T1"x\ 9\ z# � 9\ T1"x\ �\ z# � 9 and
T1"9\ y\ z# � 9[ The source f1"x\ y\ z# now includes the
e}ect of advection of the once!perturbed temperature
_eld T0"x\ y\ z#[ The solution of equation "20# is similar
to equation "29# but with subscript 1 instead of 0[

3[ Heat transfer rates

The local Nusselt number representing the dimen!
sionless heat transfer rate from the plate can be expressed
as

Nu"x\ z# � Nu9"x\ z#¦oNu0"x\ z#¦o1Nu1"x\ z#¦ = = =

"22#

where

Nui"x\ z# �
1Ti

1y by�9

for i � 9\ 0\ 1\ [ [ [ [

The local Nusselt numbers can be determined from the
computed temperature _elds as

Nu9"x\ z# �
0

zpx
"23#

Nui"x\ z# �
0

1zp g
x

x?�9 g
�

y?�9

y?

"x−x?#2:1

×exp 0−
y?1

3"x−x?#1 fi"x?\ y?\ z# dx? dy? "24#

where i � 0\ 1\ [ [ [ [
To obtain an average Nusselt number along a strip\ we

integrate Nui"x\ z# in one coordinate direction[ Averaging
only in the x!direction\ we get

Nui"z# � g
0

9

Nui"x\ z# dx "25#

Nui"z# then represents the z!variation of the Nusselt
number[ Since the plate is in_nite in the z!direction\ the
e}ect of a longitudinal or normal vortex averaged over
the entire area would be zero[ For the purpose of quan!
tifying the e}ect of the vortex\ we have chosen a square
area 9¾ x ¾ 0\ −9[4¾ z ¾ 9[4 directly around the vor!
tex location to perform the averaging[ This area!averaged
Nusselt number is then given by

Nui � g
9[4

−9[4 g
0

9

Nui"x\ z# dx dz[ "26#

From equation "23# we get

Nu9 �
1

zp
"27#

for the unperturbed thermal boundary layer[
We also de_ne R"x\ z# as the local heat transfer

enhancement ratio\ i[e[ the relative increase of the local
heat transfer rate caused by the addition of the secondary
vortex ~ow[ Thus\

R"x\ z# �
Nu"x\ z#−Nu9"x#

Nu9"x#
[ "28#

Again\ one overbar indicates an integral with respect to
z\ and two over the square area below the vortex[

4[ Results

The perturbation terms can be evaluated to any order\
the only time!consuming computation being in the evalu!
ation of the multiple integrals which appear\ which was
done using the trapezoidal rule[ The perturbation results
are validated by comparison with a numerical solution
of equation "13#\ based on a second!order\ implicit\ _nite!
di}erence method\ applied to the two!dimensional trans!
verse vortex con_guration[ Table 0 shows a comparison
between R obtained from the perturbation and numerical
procedures[ The values are in good agreement and
become closer as the number of terms of the perturbation
is increased[

The perturbation results for each one of the three vor!
tex geometries are discussed below[ In each case G\ and
hence o\ is understood to be positive ^ for negative o the
physical sense of rotation of the vortex would be opposite
to the ones shown in Fig[ 0[ From the physics of the
~ow it is obvious that the direction of rotation makes a
di}erence to the area!averaged heat transfer rates only
for the transverse vortex\ but not for the longitudinal and
normal vortices[ This is con_rmed in the perturbation
solutions by the presence and absence\ respectively\ of
terms corresponding to the odd powers of o[

Table 1 shows the small e}ect that a change in r9 has
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Table 0
Comparison of two! and three!term results of R"x# for a trans!
verse vortex with a numerical solution of equation "13# ^
Pe � 0999\ o � 9[94\ r9 � 9[0\ h � 9[1\ t � 9[4

R"x#×09

x Two terms Three terms Numerical

9[0 9[47313 9[45740 9[46182
9[1 0[90853 9[87941 9[87788
9[2 0[71400 0[61439 0[62805
9[3 2[98077 1[74297 1[77124
9[4 2[70933 2[31745 2[37287
9[5 1[51141 1[24540 1[28616
9[6 0[97857 0[92436 0[92217
9[7 9[07020 9[13762 9[11358
9[8 −9[16410 −9[04771 −9[06344
0[9 −9[38832 −9[25802 −9[24233

Table 1
E}ect of r9 on R ^ Pe � 0999\ o � 9[94\ h � 9[1\ j � 9[4

R

Con_guration r9 � 9[0 r9 � 9[94

Transverse 0[054×09−0 0[054×09−0

Longitudinal 3[200×09−1 3[202×09−1

Normal −1[131×09−2 −1[423×09−2

on R for the three vortex con_gurations[ For the trans!
verse and longitudinal vortices\ the heat transfer rate is
not seriously a}ected by r9 as the vortex core is mostly
outside of the thermal boundary layer[ For the normal
vortex the in~uence is slightly larger with a decrease of
R as r9 is increased[ For simplicity\ we will take r9 � 9[0
for the rest of the study[

4[0[ Transverse vortex

For the transverse vortex\ the velocity and temperature
_elds are two!dimensional and do not vary with z ^ the
local Nusselt number is thus only a function of x[ Nu9"x#
is the thermal boundary layer solution for uniform ~ow ^
Nu0"x# is the lowest order term that contains the e}ect of
the vortex[ The contribution of the o1Nu1"x# term to the
heat transfer is smaller as shown in Table 0[

Figure 1 shows the change of the temperature _eld due
to a vortex at x � j � 9[4 calculated using two terms of
the perturbations series[ In the downwash side of the
vortex\ e[g[ at x � 9[2\ the pro_le of the temperature
relative to the unperturbed value has a positive slope near

the wall which contributes to an increase in heat transfer[
The slope of the temperature change grows to a maximum
at the point where the vortex is located\ i[e[ x � j[ In the
upwash side of the vortex\ the slope at the wall decreases
and becomes zero around x � xc\ which for these par!
ameters is 9[72\ at which point the local heat transfer
does not change due to the presence of the vortex[ Further
downstream\ for instance at x � 9[84\ the slope of T−T9

at the wall becomes negative and the heat transfer
decreases because of the thickening e}ect of the upwash[

Figure 2 shows the x dependence of the local heat
transfer enhancement ratio\ R[ The secondary ~ow con!
tributes to an increase in the heat transfer in the down!
wash side\ x ³ j\ of the vortex[ On the upwash side there
is an increase in the region xc × x × j\ and a decrease in
xc ³ x[ The curves are not anti!symmetric with respect
to the position of the vortex core at x � j due to the main
~ow which advects hot ~uid from the upstream to the
downstream side of the vortex[ Thus\ the area!averaged
heat transfer enhancement\ RÞ\ is positive even though
there are regions where the heat transfer is locally
reduced[ Vortex rotation in the opposite direction to that
shown in Fig[ 0"a# leads to an overall decrease in heat
transfer[

Figure 3 shows RÞ as a function of the position h for all
other parameters _xed[ An h increases\ the vortex moves
away from the wall and its e}ect decreases[

4[1[ Lon`itudinal vortex

The ~ow and temperature _elds are three!dimensional
so that Nu � Nu "x\ z#[ Figure 4"a# shows the con!
tribution to heat transfer enhancement from the O"o#
term[ Again the regions of increased or decreased heat
transfer correspond to regions of downwash or upwash
secondary ~ow[ There is anti!symmetry about the vortex
position so that the area!averaged heat transfer increase
to this order is zero\ and one must go to higher orders to
perceive any change[ Figure 4"b# shows the O"o1# term
where the e}ect of advection of the once!perturbed tem!
perature _eld gives regions of positive or negative con!
tribution[ The O"o1# term is negative for large positive or
negative z where colder ~uid is brought to hotter regions\
and positive near the middle of the plate just below the
vortex location where hot ~uid is advected into colder
regions thus reducing the thickness of the thermal bound!
ary layer[ The shape of the O"o1# contribution surface has
symmetry with respect to z � 9 and results in a non!
zero area average[ The overall e}ect of this vortex is an
increase of the area!averaged heat transfer[ Eibeck and
Eaton ð0Ł report experimental results that are quali!
tatively similar[

Figure 5 shows R vs[ h[ As in Fig[ 3 for the transverse
vortex\ R decreases monotonically as h becomes larger
for exactly the same reason[
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Fig[ 1[ T−T9 vs[ y for transverse vortex ] Pe � 0999\ o � 9[94\ r9 � 9[0\ h � 9[1\ j � 9[4 ^ "a# x � 9[2\ "b# x � 9[4\ "c# x � 9\72\ and "d#
x � 9[84[

Fig[ 2[ R vs[ x for transverse vortex ^ Pe � 0999\ o � 9[94\ r9 � 9[0\ h � 9[1\ j � 9[4[

4[2[ Normal vortex

In this vortex\ the absence of a secondary velocity
component normal to the wall reduces the e}ect that the
vortex has on heat transfer[ Compared to the previous

two geometries\ the local heat transfer change is very
small[

Figure 6"a# shows the spatial variation of the con!
tribution of the O"o# term to the heat transfer[ We observe
regions of decreased heat transfer for z × 9 and increased
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Fig[ 3[ RÞ vs[ h for transverse vortex ^ Pe � 0999\ o � 9[94\ r9 � 9[0\ j � 9[4[

heat transfer for z ³ 9[ Reduction in heat transfer is not
due to upwash ~ows which do not exist here\ but is rather
caused by the secondary advection in a direction opposite
to the main ~ow direction[ Conversely\ the region of
increased heat transfer is where a secondary ~ow advects
~uid in the same direction as the main ~ow[ Both e}ects
are more important in the neighborhood of the vortex
and just downstream of it[ Due to anti!symmetry\
however\ the contribution of the O"o# term to R is zero[
Figure 6"b# shows the contribution of the O"o1# term[
The region upstream of the vortex has decreased heat
transfer due to transverse advection of ~uid from regions
where the boundary layer has been thickened by the O"o#
term[ The region downstream of the vortex is mainly that
of increased heat transfer due to transverse advection
from regions where the boundary layer is thinner as a
result of the O"o# temperature _eld[ The sides of the plate
are also regions of negative O"o1# contribution as ~uid is
advected from regions that are colder as a result of the
O"o# solution[ The O"o1# term is symmetric about z � 9
leading to a nonzero value of R[ The area!averaged e}ect
is negative because the heat transfer is increased only in
a narrow region downstream of the vortex[

Figure 7 illustrates how R depends on j[ It is observed
that higher heat transfer reduction occurs for a normal
vortex near the leading edge[ The thickening of the ther!
mal boundary layer downstream leads to a smaller tem!
perature gradient and a decrease in the heat transfer
reduction due to advection[

5[ Conclusions

The e}ect on heat transfer due to the presence of a
Rankine combined vortex near a plane wall has been
analytically determined by a perturbation analysis[ For
purposes of the analysis we have assumed a small vortex
strength and large Peclet number ^ i[e[ speci_cally we have
taken o ð 0\ Pe Ł 0 and o Pe Ł 0[ For transverse and
longitudinal vortices\ the ~uid in some regions of the ~ow
moves towards the wall increasing the local heat transfer\
and in other regions moves away decreasing it[ The heat
transfer is thus locally inhibited in some places and
enhanced at others[ However\ the increase and decease
are not necessarily symmetric with respect to vortex
position[ The component of the ~ow that displaces ~uid
between upwash and downwash regions is partly respon!
sible for the asymmetries\ which are then responsible for
an increase in the area!averaged heat transfer rates[ The
normal vortex is di}erent ^ the advection occurs in planes
parallel to the plate and there is a reduction of the area!
averaged heat transfer due to a modi_cation of the ~ow
velocity[

The role of the secondary ~ow di}ers for each vortex
con_guration[ For the transverse vortex\ the main ~ow
is responsible for the displacement of ~uid between the
downwash and upwash regions\ while in the longitudinal
vortex this role is played by the secondary ~ow\ so that
its in~uence is small[ Hence the strongest in~uence on the
area!averaged heat transfer is in the transverse vortex
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Fig[ 4[ Contribution to heat transfer enhancement for longitudinal vortex ] Pe � 0999\ o � 9[94\ r9 � 9[0\ h � 9[1 ^ "a# O"o#\ "b# O"o1#[
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Fig[ 5[ R vs[ h for longitudinal vortex ^ Pe � 0999\ o � 9[94\ r9 � 9[0[

Fig[ 6[ Contribution to heat transfer enhancement for normal vortex ] Pe � 0999\ o � 9[94\ r9 � 9[0\ and j � 9[4 ^ "a# O"o#\ "b# O"o1#[
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Fig[ 7[ R vs[ j for normal vortex ^ Pe � 0999\ o � 9[94\ r9 � 9[0[

where most of the area!averaged heat transfer enhance!
ment comes from the O"o# term[ The longitudinal vortex
has a weaker e}ect since the O"o# contribution vanishes
due to anti!symmetry and the _rst non!zero contribution
comes from the O"o1# term[ For the normal vortex\ the
change is considerably smaller than for the other con!
_gurations since the velocity component normal to the
plate is absent[
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